A macroscopic theory for the molecular or Casimir interaction of dielectric materials with arbitrarily shaped surfaces is developed. The interaction is generated by the quantum and thermal fluctuations of the electromagnetic field which depend on the dielectric function of the materials. Using a path integral approach for the electromagnetic gauge field, we derive an effective Gaussian action which can be used to compute the force between the objects. No assumptions about the independence of the shape and material dependent contributions to the interaction are made. In the limiting case of flat surfaces our approach yields a simple and compact derivation of the Lifshitz theory for molecular forces [Sov. Phys. JETP 2 (1956) 73]. For ideal metals with arbitrarily deformed surfaces the effective action can be calculated explicitly. For the general case of deformed dielectric materials the applicability of perturbation theory and numerical techniques to the evaluation of the force from the effective action is discussed.
Introduction
The last years have witnessed a resurgence of theoretical and experimental research on Casimir interactions between macroscopic and mesoscopic objects [2] [3] [4] [5] [6] [7] . The most mentionable recent achievements include on the experimental side the high precision measurements of the attractive Casimir force between metallic surfaces [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] and the simultaneous study of both the critical Casimir force due to (thermal) order parameter fluctuations and the electrodynamic Casimir force in superfluid helium films near the critical point [20] [21] [22] . On the theoretical side there is an ongoing attempt to describe the Casimir interaction between non-ideal metals with finite conductivity, including simultaneously the effect of finite temperature, see [23] for a recent summary of the used and partly controversial approaches. Another direction of great interest is the study of the strong geometry dependence of the Casimir force which is inevitably linked to the non-additivity of fluctuation induced forces and the breakdown of the proximity force approximation [24] [25] [26] [27] . Even a potential change from attractive to repulsive forces due to either the material properties [28] [29] [30] or the geometry of the objects [31] has been discussed. As to the comparison between experiment and theory, Casimir's prediction [32] (1)
c H 4 for the force F 0 between ideal metallic and parallel flat surfaces of area A and distance H at zero temperature has been confirmed by the recent experiments with increasing accuracy. However, there is broad agreement that the experiments have shown that the inclusion of the material properties of the surfaces, of the roughness and geometry of the surfaces, and of finite temperature effects is indispensable. A solid theoretical account of these effects is necessary in view of the importance of the experimental results to the test of unified gauge theories of fundamental interactions [33] and the design of nanotechnological devices [16, 34] .
Each of the modifications to the ideal prediction of Eq. (1) introduces at least one corresponding length scale in the interaction energy. If the interacting materials are not ideal metals, the electromagnetic fluctuations are not reflected perfectly at all wavelengths by the surfaces. Then one expects Eq. (1) to hold only for distances H much larger than the plasma wavelength λ p of the metal. In the recent experiments λ p is of the order of 0.1 µm. At smaller distances the force will be reduced to F = η m F 0 by a material dependent factor η m < 1 compared to the ideal force. Since the experiments are usually performed at room temperature, one would expect that there is a crossover to a regime with thermal fluctuations becoming relevant for distances H around the de Broglie wavelength of photons, λ T =hc/(k B T ) (≈ 7 µm at 300 K), leading to F = η T F 0 with the temperature dependent factor η T > 1. However, an explicit calculation shows that the force between two parallel plates is increased already by 12% at 300 K at a distances of 3 µm, suggesting a broad crossover.
The two latter effects, thermal fluctuations and material properties, have been intensively studied in view of their relevance to recent experiments for plate-sphere or plateplate geometries which can be compared to theory only if these effects are considered properly. In contrast to that, the purpose of our work is the development of an approach which allows to go beyond these standard geometries. Therefore, we are more interested in geometry induced effects which do not result from the inevitable but in principle unwanted deviations from the parallel plate geometry as, e.g., stochastic surface roughness. Rather we have in mind geometries which are intentionally designed to measure clear distinctions from the parallel plate result of Eq. (1) . An example of recent experimental interest consists of corrugated surfaces. The latter have been used in experiments to study the geometry dependence of the normal [35] and lateral Casimir force [36, 37] . Our work is motivated by the strong deviations from the commonly used proximity force approximation which have been predicted recently on the basis of a path integral approach for ideal metals [24] [25] [26] . In the limit of large surface separations, a multiple scattering expansion has been successfully applied to the computation of the interaction between ideal metals [38] . Very recently, Jaffe and Scardicchio proposed a nice approach to Casimir forces which improves upon the proximity force approximation by considering all classical optical paths [39] . To account for geometries different from planar parallel plates, we can write F = η g F 0 with a factor η g .
So far, we have discussed the different modifications of the ideal force F 0 independently. One can expect that this is indeed justified if the characteristic length scales of the modifications are widely different from each other. However, this is by no means always the case in the recent experiments, especially at the point of closest approach of the interacting surfaces, and in nanotechnological devices. Therefore, the strong sensitivity to geometry found in Refs. [24] [25] [26] for ideal metals has to be probed for more realistic surfaces of finite conductivity. In view of this, it is of importance to consider correlations between the force modifications. Thus one has to assume a more general form of the force
with a new term ∆ corr accounting for correlations between different modifications. The present state of the techniques available in literature, however, does not allow to determine ∆ corr in general. A commonly used but uncontrolled approximation is to set ∆ corr = 0. Most of the recent theoretical studies of correlation effects have been devoted to the simultaneous effect of finite conductivity of metallic surfaces and finite temperature, see [23] for a recent overview and [40] for a proposed experiment to measure these effects. Common to almost all of the existing theoretical work on the correlations between conductivity and temperature corrections is that it starts from the so-called Lifshitz theory for molecular interactions between macroscopic objects [1] . The Lifshitz theory provides a formula for the force in the rather general case of dielectric bodies at arbitrary temperature but with flat and parallel surfaces. The key difference in the approaches to correlation effects is the treatment of the zero Matsubara frequency term of the Lifshitz formula when it is applied to different models (Drude, ideal metal or free plasma model) for the dielectric function of the metals. In addition, there are a few approaches which are not based on the Lifshitz theory but employ a surface impedance boundary condition in order to account for the coupling between electromagnetic fluctuations and a metallic surface. To date, however, it appears that there is no broad agreement on a correct prescription for the evaluation of the Lifshitz formula in the case of non-ideal metallic surfaces at finite temperatures.
The situation becomes even worse when one considers deviations from the parallel flat plate geometry and correlations between geometry, conductivity and temperature modifications of the Casimir force. To our knowledge there is no complete theory for correlations between geometry induced modifications of the force and the above discussed corrections available in literature. In fact, only recently an exact description for the sole geometry dependence of the force, making no additivity assumptions of two-body forces, has been given [24] [25] [26] . Klimchitskaya et al. have studied surface roughness corrections in combination with finite conductivity by combining the proximity force approximation (Derjaguin approximation) with the Lifshitz theory [41] . While their approximations may apply to large scale stochastic surface roughness and at very large corrugation lengths, they cannot capture correlation effects for more generally designed surface deformations on scales smaller than H since then the proximity force approximation separately breaks down even for ideal metals [24] [25] [26] . Moreover, it is important to realize that the characteristic length scales of surface roughness or designed surface corrugations in nanotechnological devices can be close to the relevant length scales of the material as, e.g., the plasma wavelength. Therefore, it would be very useful to have an analog of the Lifshitz theory for more general geometries. Such a theory should yield the Casimir interaction depending on the dielectric function of the material, temperature and a height profile describing a general surface geometry as input parameters. The development of such a general concept is the purpose of the present work.
In this paper we will introduce a novel macroscopic approach to molecular forces between dielectric media. It will be based on a path integral technique for fluctuation induced forces which was previously developed for ideal metals at zero temperature [5, 24, 42] . Non-local boundary conditions for the electromagnetic gauge field are employed to treat the interaction between electromagnetic fluctuations and matter. The boundary conditions can be viewed as a reformulation of the so-called extinction theorem of classical electrodynamics [43] [44] [45] . The important new property of our approach is that surface deformations can be included without any assumption about the correlations between contributions to the force from geometrical and material properties. We derive an effective Gaussian action which is a functional of the frequency dependent dielectric function of the material and the height profile of the surfaces. The effective action is a possible starting point for future detailed analyses of the effect of correlation on the force as described by the ∆ corr in Eq. (2) . We demonstrate the efficiency of our approach by looking at two particular limits of interest. First, we consider flat surfaces of dielectric media. In this case we obtain, as a byproduct of our theory, a compact and concise derivation of the Lifshitz formula for molecular forces [1] in the language of quantum statistical mechanics. An even simpler derivation of this formula is found by a scalar field approach, cf. the Appendix, which should be compared to other derivations [46, 47] of the original result of Lifshitz. As second limiting case, we consider ideal metals with arbitrary deformations. Then the effective action assumes a simple form which can be determined explicitly. For general deformed dielectric media, the effective action can be used as a basis for computations of the correlation term ∆ corr . The feasibility of such an approach has been demonstrated recently by a perturbative [24, 25] and precise numerical [26] evaluation of the effective action for ideal metals in the case of corrugated surfaces.
The outline of the rest of the paper is as follows. In the following section we develop the path integral approach for deformed surfaces of materials which are characterized by a general frequency dependent dielectric function. We derive the non-local boundary conditions which describe the reflection and refraction properties of the interacting bodies. By integrating out the electromagnetic gauge field, an effective action for the interaction between the bodies is obtained. In Section 3 we apply our theory to calculate the force between two flat surfaces of dielectric media. In this case, the known Lifshitz formula for molecular forces is found. The effective action for deformed surfaces of ideal metals is computed explicitly in Section 4. Section 5 provides a discussion of the relevance of our results to perturbative and numerical analyses of the Casimir or molecular interaction between macroscopic objects. A rather short and concise derivation of the standard Lifshitz theory in terms of a scalar field is left to Appendix A.
Path-integral formulation of molecular forces
We will develop a macroscopic theory which allows to calculate the interaction between materials of rather general shape. Instead of considering directly the field emitted by the fluctuating dipoles in the material we view the interaction as occurring through the modifications of the quantum (and thermal) fluctuations of the electromagnetic field between the materials. No direct reference is made to the electromagnetic field fluctuations in the interior of the materials. The effect of the dipoles induced by the external fluctuating field will be described by material dependent boundary conditions which are defined on the surface of the material. Our method is based on a path integral quantization of the electromagnetic gauge field which has been applied before to ideal metals [48] [49] [50] and penetrable mirrors [51] . This approach has full generality in the sense that it can be applied to any body, characterized by its dielectric function, with any surface profile, described by a height field, at any temperature.
The common approaches for computing the force between materials is to first determine the solution of Maxwell's equations both inside and outside the materials, and than to evaluate the force either from the stress tensor or from the zero-point energy of the modes using the so-called argument theorem, see, e.g., Ref. [4] . The problem with these approaches is that they are not suited to treat non-flat surfaces since deformations in general lead to a complicated modification of the mode structure and make the solution to Maxwell's equations a hard task. In the following, we will formulate the interaction between deformed materials within the language of quantum statistical mechanics. Since this formulation makes no explicit use of the individual eigenfrequencies of the modes it is better targeted for the treatment of deformations.
We consider the two interacting media as filling half spaces which are bounded by deformed surfaces S α , α = 1, 2. The deformations from a plan-parallel geometry of mean surface distance H are described by the height functions h α (x ) with x the lateral surface coordinates, see Fig. 1 . The media are characterized by their complex dielectric functions Fig. 1 . Two deformed surfaces S 1 and S 2 of dielectric media with dielectric functions 1 (ω) and 2 (ω), respectively, separated by a gap of mean size H along the x 3 -direction. The meaning of the auxiliary surfaces R 1 and R 2 is explained in the text. α (ω), respectively. The gap between the media is assumed to be vacuum, (ω) = 1. The free energy F of the photon gas in the gap between the two surfaces can be calculated from the imaginary time path integral for the electromagnetic gauge field A. In the absence of media, the vacuum partition function Z 0 is given by
where we have introduced a complex valued gauge field which leads to a double counting of each degree of freedom. The reason for this will become clear below when we discuss the boundary conditions at the surfaces. Here the functional integration runs over all fields which are defined on the whole space-time. The Euclidean action S E (A * , A) is the imaginary time version of the action S(A * , A) of the electromagnetic field in the Minkowski space-time with coordinates X = (t,
where the first term comes from the Lagrangian of the electromagnetic field F µν = ∂ µ A ν − ∂ ν A µ and the second term results from the Faddeev-Popov gauge fixing procedure which assures that each physical field configuration is counted only once in the path integral over the gauge field. The parameter ξ allows to switch between different gauges; all gauge invariant quantities calculated from this action like, e.g., the Casimir force, do not depend on ξ . In the following we will use the Feynman gauge corresponding to ξ = 1. The coefficients in the action of Eq. (4) differ by a factor of 1/2 from the conventional definition of the action for a real valued gauge field in order to obtain the correct photon propagator which in Feynman gauge reads (4) by applying a Wick rotation to imaginary time which amounts to the transformations t → −iτ , ω → iζ and A 0 → iA 0 , A * 0 → iA * 0 , while the remaining components A µ remain unchanged [52, 53] . Since this transformation corresponds to the change g µν → −δ µν for the metric tensor, the Euclidean action in momentum space becomes
where we allowed for a finite temperature T by introducing bosonic Matsubara frequencies ζ n = 2πn/β with β = 1/T . The Euclidean Green function is given by
In the presence of the two media of mean surface separation H the free energy (H -dependent finite part of the total energy) is obtained from a restricted partition function. The restrictions are due to boundary conditions for the gauge field which are imposed by the dielectric properties of the media. It should be mentioned that there is an alternative more microscopic treatment of the Casimir force by considering the coupled system of fluctuating charges in the neutral materials and the gauge field. In the latter description the Casimir interaction is mediated by the exchange of virtual photons. However, in our macroscopic formulation below we will look at the Casimir force as resulting from the perturbation of normal photon modes as opposed to the exchange of virtual quanta populating the unperturbed modes of the coupled system in unbounded space. Therefore, it is sufficient to derive the boundary conditions from classical electrodynamics which completely determine the normal mode structure in the presence of boundaries.
The restricted partition function will be defined for an auxiliary geometry which consists of three regions which are divided from each other by the infinite large surfaces S 1 and S 2 which are assumed to be infinitesimal thin. All three regions are assumed to be vacuum space with the same velocity of light. As for the unrestricted partition function the functional integral extends again over all gauge fields defined on the entire spacetime. Below we will show that the auxiliary geometry "simulates" exactly the original geometry of two half spaces filled with dielectric materials (see Fig. 1 ) when appropriate material dependent boundary conditions are defined on the infinitesimal thin surfaces S 1 and S 2 . It turns out that there are three boundary conditions on each surface S α which we number by j = 1, 2, 3. Each of these conditions implies the vanishing of a nonlocal linear combination of derivatives of the components of the gauge field. Since the boundary conditions will be non-penetrable, the two infinitesimal thin surfaces separate three regions with independent spectral problems. One can imagine that the two half spaces are replaced by regions which are also bounded by two infinite large surfaces at x 3 → +∞ and x 3 → −∞ on which one imposes the same boundary conditions as on S 1 and S 2 , respectively. Depending on the region the observer is located in, the boundary conditions "simulate" a dielectric medium which occupies the entire space behind the surface. Thus the restricted partition functions formally yields the sum of the energies of three similar spectral problems which differ only by the mean surface distance. The latter distance is send to infinity for the two outer regions which implies the vanishing of the corresponding Casimir energies. Thus, in this limit, which is always understood in the following, the restricted partition function yields exactly the finite H -dependent Casimir energy of the original geometry of Fig. 1 . The restricted partition function Z(H ) can then be written as
where we enforced the boundary conditions by inserting delta-functions for all positions x on (flat) auxiliary surfaces R α which are placed at x 3 = ±L with sufficiently large L so that the surfaces S α are located between them, see Fig. 1 . The final result for the force between the media will be of course independent of L. The differential operators L α jµ depend via both the dielectric function α and the normal vectorn α on the surface index α. Their actual form will be computed below. The interaction (Casimir) free energy per unit area of the two surfaces S α is then given by
where A is the surface area and β = 1/T the inverse temperature. Z ∞ is the asymptotic limit of Z for large H so that F is measured relative to two surfaces which are infinitely apart from each other. The force per unit area between the surfaces is then given by F = −∂F /∂H .
Boundary conditions
In this section we will derive the boundary conditions at the surfaces of the dielectric media. The boundary conditions are based on the optical extinction theorem of Ewald [43] and Oseen [44] , see also [45] . This theorem states that part of the electromagnetic field produced by the molecular dipoles inside a medium exactly cancels the incident field, while the remainder propagates according to Maxwell's equations in continuous media. Ewald and Oseen proved the theorem for crystalline media and amorphous, isotropic dielectrics, respectively, from a point of view of classical molecular optics. Later, Born and Wolf extended the theorem to more general classes of materials [45] . A relationship between the extinction theorem and the Lifshitz theory of dispersion forces for continuous media has been pointed out by Milonni and Lerner [54] . They use the fact that the extinction theorem permits a reduction of the multiple-scattering problem for the molecular dipoles to the solution of the wave equation for the gauge field A with appropriate boundary conditions. From this they conclude that the extinction theorem shows that the macroscopic Lifshitz theory for continuous media correctly accounts for all multiple-scattering nonadditive contributions to the force between flat surfaces. We will demonstrate that these concepts are useful to describe the interaction of even deformed surfaces.
In the following we use an (equivalent) reformulation of the extinction theorem as a non-local boundary condition which enforces the laws of reflection and refraction at the surfaces of the interacting media. Our derivation of the boundary conditions follows closely the approach outlined in [55] . Let us start with the common problem of finding a solutions to Maxwell equations in the presence of a single interface separating two half spaces of materials with different dielectric functions. We assume that one half space is filled with a dielectric material with (ω) whereas the other is vacuum. The standard approach to this problem is to solve simultaneously the Maxwell equations in vacuum and in the dielectric medium by connecting them at the interface. The corresponding matching conditions state that (in the absence of surface charges and currents) the magnetic field B and the tangential components of E are continuous while the normal component of E jumps across the interface so that the normal component of D = (ω)E is continuous. Here we used that the magnetic permeability is equal in both half spaces.
In what follows we are interested in the spectral properties of the electromagnetic field in the vacuum gap between two surfaces. Thus it suffices to know the field on one side of the interface only. Therefore, we would like to find a more efficient way to solve the matching problem. We will show below that it is in fact possible to obtain the solution in one half space by solving the appropriate Maxwell equations in this region only subject to boundary conditions which contain all necessary information about the material behind the surface. Since the gap between the surfaces is vacuum, we choose the point of view where one solves the vacuum Maxwell equations subject to material dependent boundary conditions. Note that the latter point of view is a standard concept for ideal metals where the matching conditions are trivially fulfilled by vanishing tangential components of the electric field. Thus our boundary conditions can be interpreted as a generalization of the latter concept to general dielectric media.
In order to obtain the boundary conditions we first derive a general (mathematical) statement on a vector field (here the magnetic field B) which is assumed to be a solution of the Helmholtz wave equation inside a volume V with surface S = ∂V and V is occupied by a dielectric medium with (ω),
Here B can be subject to a boundary condition on S which, however, remains unspecified for the time being. In addition to that we define the standard free Green function G which is defined on the unbounded space-time which, however, is assumed to be filled with a dielectric material with (ω). It satisfies the equation
Applying Green's theorem to the components of B and to G , one easily obtains, using (8) and (9),
with the normal unit vectorn of the surface pointing to the outside of V . It is important to note that the latter formula does not imply that the actual magnetic field of the matching problem vanishes outside V . Instead, the magnetic field on the vacuum side has to be obtained by different means as matching or boundary conditions. In addition we would like to point out that the formula of Eq. (10) does not provide a solution to a boundary value problem. It is only an integral statement since the specification of arbitrary values of B and (n · ∇)B on the boundary would be an overspecification of the boundary value problem. We will make use of this result in Eq. (10) for the case where the position x is located outside the medium so that the integral has to vanish. Using a succession of vector identities given in detail in Section 10.6 of Ref. [56] and the macroscopic Maxwell equations for continuous media, ∇ · B = 0, ∇ × B = −iω (ω)E, the integral of Eq. (10) can be transformed to
The latter integral provides a relation between the field components if the surface is approached from the inside of the dielectric material. The important observation is now that all expressions appearing in Eq. (11) are continuous across the surface. This can be seen from the above mentioned continuity conditions on the electromagnetic field (note that n · E does not appear in Eq. (11)), and the fact that the Green function G and (ω) are continuous at the surface. (The function (ω) is here spatially constant and should not be confused with the spatially varying shown in Fig. 1.) As a consequence, we can now use the vanishing of the integral as a boundary condition for the electromagnetic field on the vacuum side of the surface. As a side remark we note that if we had started with the wave equation for the electric field instead of the magnetic field we had obtained a similar expression as that in Eq. (11) containing, however, the normal component of E. Due to the discontinuity of the normal component of the electric field across the surface, the condition that the integral vanishes had not translated to the field on the vacuum side. Finally, in the case of an ideal metal, (ω) → ∞, and the integral in Eq. (11) is dominated by the first term. In this limit the integration can be carried out, leading to the well-known condition n × E = 0 for ideal metals.
The condition of Eq. (11) can now be used to determine the differential operators L α jµ (ζ, x, x ) appearing in Eq. (6). We express the electric and magnetic field in terms of the gauge field. After a Wick rotation to imaginary time, the corresponding relations read E j = −ζ A j − i∂ j A 0 and B j = ε jkl ∂ k A l in Euclidean space. Multiplying Eq. (11) with
x, x ) with respect to the componentsn α k of the normal vector by using the standard summation convention for k, one gets after some algebra the explicit result
and G α E is the Euclidean version of the Green function inside the medium which is defined by Eq. (9). The partial differential operators∂ j are acting on the spatial argument of G α E , whereas the "free" operators ∂ j are acting on the gauge field to which L α jµ is applied. For non-deformed surfaces as described by the conventional Lifshitz theory, i.e., n = (0, 0, ±1), only the last matrix is relevant.
General result for deformed surfaces
Now we are in the position to calculate the partition function defined by Eq. (6) and by the operators in Eqs. (12)- (14) . Similar to the approach of Refs. [42, 50] we introduce auxiliary fields in order to treat the delta-function constraints. However, here we will use complex valued auxiliary fields since the arguments of the delta-functions are complex in our problem. Moreover, the fields will be not defined on the original surfaces S α itself but on the flat auxiliary surfaces R α since these are the regions on which the "external" positions x of the boundary conditions are located, cf. Eq. (6). Introducing on each of the two surfaces R α at x 3 = L α = (−1) α−1 L with lateral coordinates x the three fields ψ αj (ζ, x ), (j = 1, 2, 3), the delta-functions for fixed α and j can be written as
Inserting this representation in the partition function of Eq. (6), the complex gauge field A µ can be integrated out, using the free action S E (A * , A) of Eq. (5). The partition function can then be expressed in terms of an effective quadratic action for the auxiliary fields,
where the usual summation convention applies to all indices. Since in Feynman gauge the propagator of A µ is diagonal in µ, the resulting matrix kernel can be simply written as
where a summation over µ is implicit and G(ζ, y) is the free photon propagator with Fourier transform G(ζ, k) = (ζ 2 + k 2 ) −1 . This matrix kernel is defined on the surfaces R α like the auxiliary fields ψ αj are. To simplify this result, and to prove the independence of the free energy on the choice of L, it is useful to rewrite the operators of Eqs. (12)- (14) as 
where L kα acts on the primed coordinates and a summation over k and s is implicit. In momentum space, using G E (ζ, k) = (ζ 2 (iζ ) + k 2 ) −1 , the partially Fourier-transformed material Green function can be written as
With this representation, the kernel becomes
where the differential operatorsL kα (ζ, k ) are obtained from the L kα of Eqs. (12)- (14) by the replacements∇ ≡ (∂ 1 ,∂ 2 ) → ik ,∂ 3 → (−1) α p α . Thus the operatorsL kα (ζ, k ) are acting via the remaining derivatives ∂ j only on the spatial coordinates of the vacuum Green function G(ζ ; y). At this stage it will become obvious that the free energy or force is independent of the positions x 3 = ±L of the auxiliary surfaces R α . Due to the construction of the surfaces R α , we have
A consequence of this is the important observation that the kernel can be factorized into
From Eq. (16) follows that the partition function Z(H ) = det −1/2 M with the determinant taken with respect to both the continuous (ζ , k ) and the discrete (α, j ) arguments. Due to the structure of Eq. (22) one has det M ∝ detM. Since the functions η α (ζ, k ) are independent of the mean surface distance H , the proportionality constant of the two determinants is independent of H , too. Therefore, this constant, and the L-dependence, will drop out of the free energy of Eq. (7) which can now be written as
whereM ∞ denotesM in the limit of asymptotically large H . The force per unit area between the two surfaces can be directly obtained from the kernelM by
Tr M −1 ∂ HM without the need to subtract the asymptotic expansion for large H . Here the trace has to be taken with respect to the Matsubara frequencies ζ n , the lateral momenta k , and the discrete indices α, j . Eqs. (24) and (25) together with Eq. (23) represents the main result of our general approach. We will apply this formula below to specific model situations. Before proceeding along these lines, it might be interesting to discuss the above result. During the derivation of the result we worked within the Feynman gauge. This, however, poses no problem since the restricted partition function Z(H ) can be considered as the expectation value of the boundary condition enforcing delta-functions with respect to the free action of the gauge field. The arguments of the delta-functions are composed of the electromagnetic field components, and are thus manifestly gauge invariant. Therefore, the kernelM must be gauge invariant. Let us first discuss the most simple situation where the kernelM is diagonal in momentum space so that the force can be calculated exactly. This will be the case when the geometry has translational symmetry in the lateral directions, i.e., for flat surfaces. Then the integrals in Eq. (23) can be easily computed, and the resulting kernel provides a compact account of Lifshitz theory as we will show in the next section. Even if the surfaces are deformed the kernel can be obtained explicitly if one considers the limit of ideal metals, i.e., a diverging dielectric function (iζ ). In this particular limit both p α and the operatorŝ L kα become independent of the lateral momentum k . Therefore, after parameterizing the surfaces so that y 3 , y 3 are replaced by functions of the lateral coordinates y , y , respectively, the integrals in Eq. (23) correspond to Fourier transformations with respect to the lateral coordinates, and the kernel assumes a simple form in position space as we will demonstrate explicitly below. However, any kind of deviation from flat surfaces (even for ideal metals) rendersM non-diagonal and makes the evaluation of Eq. (25) a hard problem. There are basically two approaches to tackle this problem. First, one can consider the amplitude of the surface deformations as small compared to both the mean surface distance and other characteristic lateral length scales as, e.g., the roughness correlation length. Then one can apply perturbation theory to obtain the force in powers of the deformation profiles h α (x ). This program has been carried out in detail for ideal metals in Refs. [24, 25] . Second, one can try to compute the force exactly by a numerical algorithm. For periodically deformed (corrugated) surfaces of ideal metals it has been demonstrated recently that the corresponding kernel can be transformed to a form which is particularly suited for an efficient numerical evaluation of the force [26] . We expect that these techniques can be applied to the general case of deformed surfaces of dielectric media using our approach of expressing the force in terms of a kernel (Eq. (23)) which contains all information about material and geometrical properties of the surfaces. As for ideal metals, the kernel is proportional to the vacuum Green function which, however, is now dressed by the operatorsL kα which contain the reflection and refraction properties of the material.
Flat surfaces
As a simple application of our approach, we consider in this section the case of flat surfaces of general dielectric media. In this particular limit the force between the surfaces is well-known from more conventional approaches. The corresponding result is known as the so-called Lifshitz theory for molecular forces [1] . In the following we will show that our path-integral approach provides a compact derivation of the Lifshitz result without the need to solve Maxwell's equations with a random source explicitly and to calculate the expectation value of the stress tensor. In the flat surface limit, the surfaces S α are parameterized by (y , H α ) with H α = 0, H for α = 1, 2, respectively. Due to the translational symmetry of the problem, it is convenient to work in momentum space. Using the representation
of the vacuum Green function in Eq. (23) with p(ζ, q ) = ζ 2 + q 2 yields
where we made use of the surface normal vectorsn α = (0, 0, (−1) α−1 ) for flat surfaces. The differential operatorsL 3α andL †3β can now be expressed in momentum space with the replacements ∇ → ik and ∇ → ik yielding
where we separated the factor η αβ = (−1) α+β e
we will discuss below. The differential operator acquires now the form
and the primed adjoint operator acts via ∂ 3 on y 3 . Before we calculate from this expression the free energy and force between the surfaces, it is instructive to examine the structure of the above matrix. It is easily checked that the third row of the matrix-operatorL 3α can be expressed in terms of the other two rows via (−1) α ip αL
2µ . The physical reason for this can be easily understood. The relation between the rows reflects the fact that there exist only two independent boundary conditions for each surface. Since the surfaces are flat here, any field configurations can be considered as a superposition of transversal electric (TE) and magnetic (TM) modes. Each mode type is characterized by a scalar field which has to satisfy only one boundary condition at each surface. This will be demonstrated more explicitly in the Appendix where the problem is formulated from the outset in terms of two scalar fields representing TE and TM modes. However, for deformed surfaces this reduction to separated mode types is generally no longer expected to hold since the modes will mix under the scattering at deformations.
For flat surfaces we are thus led to introduce the reduced matrix-operator
which consists of two linear independent rows only. Defining
The entries of this diagonal matrix consist of the 4 × 4 matrices which are given by the expression in the square brackets. Inserting now Eq. (30) into Eq. (31) we obtain for the expression in the square brackets the 4 × 4 matrix
in terms of the symmetric 2 × 2 matrices
and using p α = α ζ 2 + k 2 and p = ζ 2 + k 2 . The Casimir free energy per unit area can now be obtained from Eq. (24). In the limit H → ∞ the off-diagonal elements ofM in Eq. (32) vanish, so that we have to compute the determinant of the matrix
where I is the 2 × 2 identity matrix. In the above matrix we have neglected the factor η αβ appearing in Eq. (31) . This factor will have no effect on the free energy as will show at the end of this section. The determinant of the matrix of Eq. (37) can be calculated using the relation
for a general 4 × 4 matrix of the form
Thus the free energy can be obtained by calculating the determinant of just a 2 × 2 matrix. Using Eq. (24), the logarithm of the product of all the determinants for different ζ n and k becomes a corresponding sum and integral, respectively,
where | · · · | denotes the determinant of the 4 × 4 matrix at fixed ζ and k . Calculating explicitly the determinant with the aid of Eq. (38), we obtain the final result for the Casimir or interaction free energy per unit area of the surfaces,
with k = |k |. The corresponding force per unit area is given by
where we defined p nα = α ζ 2 n + k 2 and p n = ζ 2 n + k 2 . The primed sum indicates that the term for n = 0 is to be multiplied by 1/2. It is important to note that the dielectric function in the above expressions is evaluated along the imaginary axis only, since α ≡ α (iζ ) due to the initial Wick rotation to the Euclidean field theory. Since α (iζ ) is completely determined by the imaginary part of the dielectric function for real frequencies ω, the force depends only the dissipative properties of the media, as expected from the fluctuations-dissipation theorem. Our result of Eqs. (41) and (42) is in perfect agreement with the original result by Lifshitz [1, 4] .
Next we consider now the zero temperature limit. This limit is obtained by the replacements ζ n → ζ and 1/β n 0 → ∞ 0 dζ /2π in Eqs. (41) and (42) . Following Lifshitz, we change the integration variable to q = 1 + k 2 /ζ 2 and define s α ≡ q 2 − 1 + α (iζ ), yielding
for the free energy, and
for the force. The above result agrees again with the original Lifshitz theory, see Eq. (2.9) in [1] . Finally, we come back to the omitted factor η αβ . The effect of taking into account this factor is that in the matrix-kernel of Eq. (32) the matrix A 2 is multiplied by e −2p 2 H , B is multiplied by −e −p 2 H while A 1 remains unchanged. For the matrix in Eq. (37) this means that the off-diagonal matrix ∼ A −1 2 gets multiplied by the factor −e p 2 H while the matrix ∼ A −1 1 gets multiplied by the inverse factor −e −p 2 H . Due to Eq. (38) the determinant depends only on the product of the two off-diagonal matrices so that the factors coming from the η αβ drop out in the determinant ofMM −1 ∞ .
Deformed surfaces of ideal metals
In the previous section we saw that our general approach reproduces the Lifshitz theory for flat surfaces of dielectric media. In this section we will apply our theory to deformed surfaces. As an example we consider ideal metals with infinite dielectric functions α . This is a reasonable approximation for surface separations which are large compared to the plasma wavelength of the material. However, our general result for the kernel of Eq. (23) contains all information which is necessary to treat deformed surfaces of non-ideal metals or general dielectric media as well. In the latter case the kernel M assumes in general no particular simple form and has to be computed numerically in order to obtain the force. For ideal metals the kernel can be calculated explicitly and the result provides another interesting limit which has not been studied previously. In previous works only special deformations of ideal metals have been studied by a path integral approach. If the surface deformations are translational invariant in one direction as for, e.g., uni-axial corrugations, the electromagnetic field can be separated into TE and TM modes. This property has been used in [24] [25] [26] to describe the surface interaction by a scalar field theory. In contrast, here we will allow for general deformations so that no separation into TE and TM modes is possible anymore.
Our starting point is the general result for the kernel of Eq. (23). After taking the limit α → ∞ both p α (ζ, k ) and the operatorsL kα become independent of the lateral momentum k . The kernel can then be written as
with the differential operatorŝ
Due to the simple exponential dependence of the integrand of Eq. (45) on k it is more convenient to transform the kernel to position space. When we insert the height profile of the surfaces with y 3 = H α + h α (y ), y 3 = H β + h β (y ), H α = 0, H for α = 1, 2, the position space form of the kernel can be read off from Eq. (45),
Before proceeding, it is useful to discuss the two exponential factors depending on √ α . Let us start with the second one which depends on the height profiles h α (y ) but is independent of the mean surface distance H . Defining η α (ζ, y ) = e −|ζ |(−1) α √ α h α (y ) the matrix has the same structure as in Eq. (22) but with k replaced by y . Due to the arguments given below Eq. (22) the factors η α (ζ, y ) drop out of the free energy and can thus be neglected in the following. For the first exponential factor in Eq. (47) this argument does not apply since the factor depends on H . However, we can make use of the fact that the factor does not depend on the lateral coordinates y . The effect of this exponential factor is that every 2 × 2 sub-matrix ofM resulting from keeping (j, l), (ζ, y ) and (ζ , y ) fixed is multiplied by the same only ζ dependent factors. The two diagonal elements are multiplied by 1 and e −2|ζ | √ 2 H , respectively, while the off-diagonal elements are multiplied by e −|ζ | √ 2 H . It is easy to check that this leads to the simple factor e −N|ζ | √ 2 H for the determinant ofM if N denotes the dimension of the matrix M. However, this factor will drop out when taking the determinant of the ratioMM −1 ∞ . Therefore, the first exponential factor in Eq. (47) can be omitted as well.
Now the kernel assumes a simple form. Expressing the surface normal vectors in terms of the height profile by (48) 
with h α,j = ∂ j h α and g α = 1 + (∇ h α ) 2 , the kernel can be written as a functional of the height profile. For the same reason as the factors η α (ζ, y ) could be omitted above, we can neglect the normalization factor (−1) α / √ g α of the normal vector. Thus we obtain for the differential operator
We observe that the third row of the matrix in (49) is linearly dependent since h α,1˜
. Therefore, as in the Lifshitz theory limit discussed earlier, the matrix has to be reduced to its first two rows. The linear dependence of rows reflects the fact that for ideal metals there are, in fact, only two independent boundary conditions for each surface. As mentioned earlier, for general deformations a reduction to TE and TM modes as it appears in Lifshitz theory is not possible. However, for ideal metals the boundary conditions can be simply written as
This boundary condition requires the two tangential components of the electric field at the surface to vanish locally. Saying it differently, the limit of infinite conductivity converts the three originally non-local boundary condition into two local conditions. The final result for the matrix kernel is now given by a (4 × 4)-matrix with j , l = 1, 2,
with the deformation dependent differential operator
acting on the vacuum Green function. Here the prime on h indicates the dependence on the primed variable y . This kernel together with the formula of Eq. (24) yields the exact free energy of the interacting surfaces. Generally, it is not possible to give a closed analytical expression for the determinant ofM of (51). However, either perturbative [24, 25] or numerical [26] techniques can be used to evaluate the free energy and force from the kernel using Eq. (24) and Eq. (25).
Discussion and outlook
We derived from a path-integral quantization of the electromagnetic gauge field with non-local boundary conditions an effective action for the molecular forces between dielectric media with deformed surfaces. From this effective action we derived the Lifshitz formula for flat surfaces and an explicit expression for the matrix kernel which determines the interaction between ideal metals with arbitrary deformations. We believe that our approach will be a useful starting point for the calculation of correlations between modifications of the ideal Casimir force of Eq. (1) due to material properties (finite conductivity) and geometry. Our theory is certainly not a final answer to the problem of correlation effects. Rather it is intended for a generalization of the Lifshitz formula to deformed surfaces. As for the Lifshitz formula, for an explicit calculation of the force one, of course, has to specify a suitable dielectric function and, in addition, a height profile describing the geometry. A precise result for the force can presumably only be obtained from a numerical evaluation of the effective action. However, certain limiting cases should be accessible to a perturbative analysis. For example, it would be interesting to consider the cases of small and large distances H between the surfaces separately. For small H , the interaction is dominated by high frequencies and is sensitive to the model from which the frequency dependence of the dielectric function (ω) is obtained. The correct choice of (ω) for real metals is currently being discussed but this is not the matter of the present discussion. For large H a useful approximation is to assume to be constant. In a large expansion a strong geometry dependence and non-additivity of Casimir forces between ideal metals should be found. In the opposite limit of rarefied media the non-additivity effects and thus the sensitivity to geometry should decrease if approaches one. Another point of recent dispute is the choice of boundary conditions for real metals [23] . Although this is not the subject of the present paper, we note that our path integral approach is sufficiently general to include any type of boundary conditions as, e.g., the so-called impedance boundary condition [57, 58] .
for TE modes, where we performed already a Wick rotation to imaginary frequency, ω → iζ . Using Maxwell equations it can be shown that the dynamics of the scalar field Φ are governed by the usual wave equation, corresponding to the Euclidean action In this section we consider only the zero temperature case. Finite temperatures can be treated in analogy to the gauge field approach in Section 2.2 by introducing Matsubara frequencies. The boundary condition for Φ can be derived from the general condition we found in Section 2.1. From Eq. (11) where ∂ n α = (−1) α−1 ∂ z denotes the normal derivatives of the surfaces. Due to the k -dependence, the condition (A.9) is non-local in position space. In the limit of ideal metals, α → ∞, the above condition reduces to the well-known Dirichlet and Neumann boundary conditions for TM and TE modes, respectively. We note that Γ α is real, since the same is valid for α on the imaginary frequency axis. Therefore, we need to consider only a real-valued field Φ. The restricted partition function for this field reads for both types of modes where we implemented the boundary constraints again by delta-functions. Now we proceed in analogy to the treatment of the gauge field path integral in Section 2.2. We introduce two auxiliary field ψ α , one for each surface, in order to replace the delta-function. After α /p α we obtain the contribution of the TM or TE modes, respectively, to the energy. It is easily seen that the sum of the energies from both modes reproduces the Lifshitz theory result we obtained before in Section 3 from the gauge field approach, cf. Eq. (41) .
